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Constitutive Equation for Rock Salt and Mining Applications
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ABSTRACT

This paper presents a non-associated elastic/viscoplastic constitutive equation for rock salt formulated for general triaxial
stress states. This constitutive equation can describe creep, dilatancy and/or compressibility, work-hardening, progressive
damage, creep failure and sudden failure, all being incorporated in the constitutive equation. This equation is then used to predict
where, around a horizontal tunnel, the rock will become either dilatant, compressible, or maybe elastic, or where a failure will
occur. Depths in the range 1-1.5 km were considered with two possible pressures exerted on the wall, namely an empty tunnel

(no internal pressure) and pressure due to a filling with brine.

Creep around vertical shafts or caverns is another problem considered. It is shown how the dilatancy domain enlarges with
depth, where failure is possible, and how radial convergence varies with depth. Complete closure is possible at the greater depths.
The influence of the pressure exerted by a brine column is also considered.

INTRODUCTION

The determination of general and accurate consti-
tutive equations for rock salt is a subject of much
concern and for obvious reasons, namely improve-
ment of mining procedures and design of large un-
derground cavities for storage of hydrocarbons or for
radioactive wastes or hazardous chemical wastes.
For various types of constitutive equations the
reader is referred to those formulated by Serata et
al. (1972), Albrecht and Langer (1974), Albrecht and
Hunsche (1980), Wawersik et al. (1982), Horseman
and Passaris (1984), the BGR model presented by
Langer (1984), Munson and Dawson (1984), Wawer-
sik and Zeuch (1986), Desai and Varadarajan (1987),
Aubertin et al.(1989, 1991), Blum et al. (1989),
Hunsche (1990a,b), Spiers and Schutjens (1990) and
Vogler and Blum (1990). The book by Dreyer (1973)
is also to be mentioned,

Generally, in most existing approaches, a uniaxial
constitutive equation is first established which is
then generalized for triaxial stress states. A differ-
ent approach is used by the present author
(Cristescu 1987, 1989, 1991, 1992). The general tri-
axial constitutive equation is established directly for
triaxial stress states starting from a complete set of
triaxial experimental data. The procedure allows for
the determination of a non-associated elastic/visco-

plastic constitutive equation able to describe creep,
dilatancy and/or volume compressibility during
creep, work-hardening, evolutive damage, creep
failure and ultimate failure. All these properties can
be incorporated in the constitutive equation. Thus
one can very easily use this constitutive equation for
the design of underground structures.

Starting from a very accurate and complete set of
data obtained in ‘true’ triaxial tests by Hunsche
(1988, personal communication: 1991), two variants
of such constitutive equations have already been
formulated by Cristescu and Hunsche (1991, 1992)
and Cristescu (1993). In the this paper another var-
iant obtained with a greater quantity of experimen-
tal data, which were corrected for experimental er-
rors, will be used. This variant of the constitutive
equation will be presented in detail in a forthcoming
paper by the same two authors.

THE CONSTITUTIVE EQUATION

General aspects

The constitutive equation is of a phenomenologi-
cal elastic/viscoplastic type and is of the form used
already for several other rocks (Cristescu 1987,
1989). The reference configuration, with respect to
which the strains produced by an excavation are to
be evaluated, is the state in situ before excavation at
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the future location. Using conventional notation for
the strain rate and Cauchy stress tensors, this con-
stitutive equation reads
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Here G and K are the elastic parameters (shear and
bulk moduli) which may depend on stress, strain and
possibly on a damage parameter, the relation

H(o) = W'(t) ©)

is the equation of the stabilization boundary (where
¢ = 0 and & = 0) for the transient creep with W'(t) a
work-hardening parameter defined below, F(o) is a
viscoplastic potential generally distinct from the
yield function H(o) (see Cristescu, 1991), and kis a
coefficient so that k(3F/d0) can be considered a ‘vari-
able viscosity coefficient’, with k playing the role of
the magnitude of this viscosity coefficient. Further,
1is the Kronecker unit tensor, the term

o=%<ol+oz+os) @)

is the mean stress and

Y
= :},; [(01 - 27 + (02 09" + (03 - 03] @)

is the octahedral shear stress related via © = [2/3
111" to the second invariant (Ils) of the stress devi-
ator; we have also o° = 3 I, with G the equivalent
stress. In addition, the above-mentioned work-hard-
ening parameter or internal state variable W(t) is
the stress power defined as

T ’ T ;
WHT) = WT + [ olt)el(t) dt+ [ow-dwa 6

where T = 0 is the moment of the beginning of
excavation, W"’ is the initial (primarily existing)
stress power, €, is the irreversible volumetric rate of
deformation, and prime stands for ‘deviator’. Finally,
the notation

(A)=A*=%(A+ IAl)

is the positive part of A.

All the constitutive parameters and functions in-
volved in (1) are determined from the data obtained
in true triaxial tests. At this stage of development of
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the model we assume that both constitutive func-
tions H and F depend on the two stress invariants o
and T, only.

In order to understand well how the above model
can describe dilatancy or compressibility during
creep, we write the volumetric rate of deformation as

_ W ) (o)
H(o,7) do

Figure 1 shows typical surfaces corresponding to
H = constant and F = constant, together with the
compressibility (9F/do > 0) and dilatancy (9F/do < 0)
domains. Generally, for most rocks, ultimate failure
is loading rate dependent: high loading rates pro-
duce failure at higher values of t and smaller strains
at failure, and vice versa. What the influence would
be of the loading rate on failure is not yet well
established for rock salt

Let us assume that the primary stress state (the
stress existing in sifu before excavation) is repre-
sented by the point P in Fig. 1. We assume that this
stress state is an equilibrium state, i.e. H(e")=WT .
Due to the excavation, the stress changes from o (to)
to o(t). The new stress state is represented by a point
which may belong to any region shown in Fig. 1.

We can now distinguish the following cases. If

e =k(1 ®)
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Fig. 1. Various domainsin stress space of dilatancy, compressi-
bility, elasticity and failure.
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H(o(t)) < H(e") ()]

the response of the rock is elastic. If however
H(o(t)) > H(c") @®)

the new stress state is in the viscoplastic region, with
various possible cases:

L

3 compressibility 9)
JaF e :

e 0 compressibility/dilatancy boundary (10)
aF ;

" 0 dilatancy (681)

all depending on the orientation of the normal to the
surface F = constant, passing through the point rep-
resenting the actual stress state, as shown in Fig. 1.
Thus, once the constitutive function is determined,
all these possible cases are well determined, as will
be shown in the examples given below.

Constitutive parameters and functions for
rock salt

For rock salt the constitutive parameters and
functions involved in (1) have been determined ex-
perimentally (Hunsche, 1991, personal communica-
tion) and will be discussed in detail in a paper by
Hunsche and Cristescu (1993). They are sum-
marized here as follows:

(A) the elastic parameters in unloading tests are
E=30GPa,K=21.7GPa,G=11.8 GPaandv=0.27;

(B) the yield function
oY s}
o o)

H(o,7): = o= { exp |a;

hio® ifo<oa
. {hzo +hs ifo2oa (48

with
a1=4.510", by = -4.710° MPa, c; = 4.46:10° MPa,
az = —0.35, bz = 3.13-10* MPa, cz = 2.65:10° MPa,
as = —21.9, bg = -2.65:10"° MPa, c2 = 4781072 MPa,
hi = 4.6:10* (MPa)™?, o« =1MPa, hs = 5.56:10, oa
=6 MPa, hs = -1.67-10% MPa.
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(C) the viscoplastic potential function
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f; = —0.0167, p1 = -1.255:10° 5%, g, = 0.001 MPa s,
f2=0.86, p2 = 6.45107°s™, g1 = -8.6310° MPa s,
r = 0.825, g2 = 1.557-10° MPa s, s = 1.37-10"%, and
by definition
9F %
do I 02 0p

The shape of several surfaces corresponding to H
= constant is shown as a dotted line in Fig. 2in a 10c¢

plane. In the same figure the surfaces F = constant
are shown as dashed lines, the failure surface as a
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Fig. 2. Surfaces F = const (dashed lines) and H = const (dotted lines), compressibility/dilatancy boundary (dash—dot line) and the

failure surface (solid lines) for rock salt.

solid line, while the compressibility/ dilatancy
boundary is shown as dash—dot line. Although this
boundary passes through the point og = 51.4 MPa,
from the experimental data it is not certain that the
compressibility domain will not extend slightly bey-
ond this point, towards higher pressures (Hunsche,
1991, personal communication), since it is quite dif-
ficult to pinpoint the exact value of op.

COMPRESSIBILITY AND DILATANCY
AROUND A HORIZONTAL TUNNEL

As a first example, let us examine where, around
a tunnel in rock salt, the rock becomes either di-
latant or compressible after excavation.

Assuming that the excavation process is a fast
one, we will accept that just after excavation the
stress distribution is the one obtained from the elas-
tic solution (see, for instance, Cristescu (1989) Ch.
12), i.e. using conventional notation

2 2
1
O =p 25+ Glons o) -2

r
1 4a® 3a*
*o (on—oy) |1 _—r2 - —-r“ } cos 20 (14a)
2 2
a 1 a
gy = —D"l'j + §(0h +0y) |14 :5)

4
4 1(011 -0y [1+ a8 cos 20 (14b)
2 rt

¥ e g sin 20 (14c)

2 4
016 = ~(0—0y) [—1 _% 3 )
2 r
2a2

G2z = Oh — V(oh — Ov) =z cos 20 (14d)
where a is the initial radius of the tunnel, (r,0) are
the polar coordinates of any point in the wall, o, and
oy the horizontal and vertical far field (primary)
stresses, and p a possible pressure exerted on the
wall of the tunnel by a lining or by a fluid existing in
the cavity. Concerning the primary stresses, we will
assume that oy is obtained from the overburden
pressure oy = pogh = yh, with the tunnel depth h in
meters and stresses in Pa, while for on we choose
several variants: op = m oy withm = 0.3, 0.5, 0.7 and
1.2.

We introduce (14) into conditions (7)-(11) in order
to check which of them is satisfied, the functions H
and F being given by (12) and (13). Thus for various
depths, it is possible to find the domain around the
circumference of the tunnel where the rock becomes
dilatant, where compressible, where elastic unload-
ing takes place, and where the failure condition is
fulfilled. For instance in Fig. 3a—d, these domains
are given for the depth h = 1000 m, for p = 0, and for
the four values of m given above. The elastic/visco-
plastic boundary is shown as a dotted line, the com-
pressibility/dilatancy boundary is shown as a dash—
dot line, the boundary of the domain where failure
takes place is marked by a dash/two-dot line, and
various lines of constant t are shown as dotted lines.
Here 1 is computed from
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Fig. 3. (a: top left; b: top right; c: bottom left; d: bottom right). Domains of dilatancy, compressibility and elasticity around a tunnel
excavated in rock salt at 1 km depth, for four ratios op/oy and without internal pressure. Dash/two-dot lines mark domains of
failure. The horizontal and vertical axes correspond to horizontal and vertical distances (r) measured radially from the tunnel

centre, and normalised with respect to (initial) tunnel radius a.

_ﬂ( - = B
= 3 O + 0 *+ Oz — Onr0Ope — 08002z — Ozz0rr
+30%)" (15)

using (14). From Fig. 3 it follows that sudden failure
is to be expected for relatively small values of the
ratio on/oyv. For higher values of this ratio, failure is
not possible. The dilatant domain is adjacent to the
excavation, but can extend quite far from it, again if
the ratio of the two primary stresses is small. The
elastic domain touches the circumference at the crown

(mine roof), again for small m, but for m > 1 it ap-
proaches only the excavation from the horizontal side.

Figure 4a—d shows similar results obtained for the
same values of p and of m, but at the tunnel depth h
= 1500 m. This time, failure is present in all cases
either at the crown, or at the wall (horizontal direc-
tion), or in both directions. In the later case, failure
at the crown may be due to tensile stresses. In the
present examples both failure domains (i.e at the
roof and horizontal direction) have been obtained
with a unique failure condition of the form
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incorporated in the expression (13) of the function F,
so that when the stress state is approaching a failure
state we obtain £y — — in the constitutive equation.
For tensile stresses (o < 0) we could use the alterna-
tive failure condition

i=1,223 an

min oj = —0oy

with o the tensile strength of the rock salt and o; the
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principal stress components. In this case, failure will
occur at the crown for m = 0.3, but will involve a
much smaller domain. Although the two regions of
failure shown both mark instantaneous failure,
physically they are distinct phenomena. At the
crown it is a usual failure in an elastic region (i.e.
satisfying a failure condition formulated in terms of
stresses, as for instance (16)), while at the wall it is
an instantaneous failure due to dilatancy, again
satisfying a condition of the same form but bordering
on a dilatancy domain; here damage and failure
spread slowly into the rock mass with time, as creep-
failure by dilatancy (see Cristescu, 1986, 1989).
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Fig. 5. (a: top left; b: top right; c: bottom left; d: bottom right). As Fig. 3 but with a brine pressure on the walls of the tunnel.

Another conclusion which follows from Fig. 4 as
compared with Fig. 3 is that the area covered by the
dilatant domain increases with depth.

Figures 3 and 4 have been obtained with the value
p = O for the internal pressure (empty tunnel). If,
however, the tunnel is filled with brine, and the
pressure exerted by the brine is the one obtained
from the weight of the column of brine (e.g. p = 11772
h (Pa), with h in meters), then all the boundaries of
the domain shown above change significantly. For
instance, for h = 1000 meters and m = 0.3, Figs. 5a—d
show the various existing domains, using the same
convention as above for the lines marking the boun-
daries between domains. If we compare Fig. 5a with
Fig. 3a we note that the area of the failure domain at

the crown has increased in Fig. 5a, while failure at
the wall no longer occurs; the dilatancy domain
shrinks and the elastic domain enlarges (both near
the circumference and in the horizontal direction).
Further, the compressibility domain enlarges and a
small additional compressibility domain appears
near the contour.

In order to understand better what happens
around the circumference, Fig. 6 shows the stress
distribution (circles—dashed lines) along the cir-
cumference. The primary state is represented by
point P; the dotted line represents the surface H(o)
= H(o") passing through P. Thus, points under this
line are in the elastic domain while those above are
either in the compressibility or in the dilatancy
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domain. The points at the crown are beyond the
failure line.

Comparison of Fig. 5b and Fig. 3b mainly shows
enlargement of the elastic domain and of compressi-
bility domain around the circumference, and shrink-
ing of the dilatancy domain. The same conclusions
follow from Fig. 5¢ and Fig. 3¢ and from Fig. 5d and
Fig. 3d.

The results obtained for a brine-filled tunnel at
greater depth (h = 1500 m) are shown in Fig. Ta—d.
The conclusions are somehow similar with those
mentioned above if comparison is made with Fig.
4a—d. The main conclusions would be that the per-
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Fig. 7. (a: top left; b: top right; c: bottom left; d: bottom right). As Fig. 3 but at a depth of 1.5 km and with a brine pressure acting

on the wall of the tunnel.
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formance of the rock salt around the tunnel improves
in the presence of the brine pressure, in the sense
that failure can be avoided.

CREEP, COMPRESSIBILITY AND/OR
DILATANCY AROUND A DEEP VERTICAL
CYLINDRICAL CAVERN

The problem of the behaviour of the rock salt
around a deep vertical circular cylindrical cavern (or
well) can be analysed in a similar way. After the
excavation of the cavern, if the excavation takes
place in a relatively short time interval as compared
to the life span during which the cavern is in use, to
a good approximation the stress distribution is the
elastic one (see, for instance Cristescu, 1989, Ch. 11)

2

or= (p— on) [%] + Op (18a)
2

e~ (D —0h) %] Lo (18b)

Oz = Oy (185)

After excavation of the cavern, significant creep
will occur due to the stress field (18). The radial
convergence (u) by creep can be obtained from the
simple formula (Cristescu, 1989, Ch.11)

(l_w_m>£
u(r,t)=_p—0hg+£ H ' dog 1
a 2G r a1l (oF JF
H[o6° o
a T
& :
—exp[ﬁg—§0+%t]to—t} (19)

if we assume that the stresses (18) stay constant
during creep. We remind that Massier (pers. com-
mun., 1984) has demonstrated that for a linear vis-
coelastic model the stresses are constant during
creep around a vertical well. For the viscoplastic
model used here the stress constancy during creep is
an assumption.

Since the numerical examples which will be given
below are for deep caverns, we assume for the far
field stresses on = oy = 0.025 h, with h in meters and
stresses in MPa. W involved in (19) is computed for
each depth as W'¥= H(c",t"). The elastic solution is
obtained from (19) for t = tp, while the ultimate
convergence is obtained for t — o, i.e. in the formula
(19) the last term (the exponential function) is miss-
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ing. The speed of convergence is governed by the
magnitude of k which is to be determined in creep
tests. Since such tests were not available to the
author, several values for the dimensionless term
k(to — t) will be used in order to give some numerical
examples.

Figure 8 shows the convergence of the vertical
cavern for the case when no pressure is exerted on
the walls (p = 0). The initial, elastic, convergence is
quite small and is not shown in the figure. The
ultimate convergence u- is quite significant at h
>1000 m, while at h > 2000 m complete closure takes
place very rapidly (dotted line). At h >1500 m a
failure domain around the opening also occurs (solid
line). The rock around cavern is compressible at far
distances but dilatant near the opening. The com-
pressibility/dilatancy boundary is marked by a dash/
dot line. As the depth increases, the dilatancy dom-
ain enlarges very significantly and the compressi-
bility/dilatancy boundary has a horizontal asymp-
tote for oy = op (see also Fig. 2 for the meaning of o).

If the vertical cavern is filled with brine, the radial
convergence of the walls is much smaller and
complete closure by creep is obtained at a greater
depth (Fig. 9). The pressure exerted by the brine was
computed according to p = 11772 h, with the depth h
in meters and pin Pa. No failure was obtained in this
case, and the domain of dilatancy around the cavern
is significantly reduced. The progressive closure of
the bottom of the cavern is shown for various succes-
sive moments in time. Since a precise value of k is
still pending good creep data, several numerical
values were attributed to the dimensionless quantity
k(t —to) as shown in Fig. 9. If we use for the viscosity
coefficient the value E/k = 10'7 Poise as given by
Albrecht and Langer (1974), then the three conver-
gence curves shown in the Fig. 9 would correspond
to 38.6 days, 193 days and 10.5 years respectively.
These figures are certainly preliminary.

o 1 2 3 4 5 L]

S b e e
% wI \ | COMPRESSIBLE [ a

CEL

o

h |
{m])

Fig. 8. Domains of dilataney and compressibility around a deep
empty vertical cavern; the solid line marks failure and the
dotted line ultimate convergence of the walls.
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Fig. 9. Domains of dilatancy and compressibility around a deep
vertical cavern filled with brine; circle/line, interrupted line,

and dotted line mark successive positions during convergence
of the walls.

CONCLUSIONS

Starting from a complete set of true triaxial test
data, one can formulate directly a general phenome-
nological constitutive equation, able to describe
creep, dilatancy and/or compressibility, work-hard-
ening, damage and creep-failure. No preliminary
uniaxial model is necessary for the formulation of
the general constitutive equation. Since the data
used here were obtained in short-term tests, sub-
sequent creep tests are necessary mainly to make
precise the magnitude of the viscosity coefficient.
Also, it is necessary to include long-term stationary
creep in a future variant of the model, in order to
improve the description of the creep phenomenon.

With a general formulation of the constitutive
equation it is very easy to predict where, around a
horizontal tunnel or vertical cavern, the rock will
become dilatant, where compressible, or where
failure will occur. It was shown that the ratio on/ov
and generally the primary stress state exert a signif-
icant role on the overall behaviour of the rock around
an excavated opening.
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